Abstract. We show that if a compact quantum semigroup satisfies certain weak cancellation laws, then it admits a Haar measure, and using this we show that it is a compact quantum group. Thus, we obtain a new characterization of a compact quantum group. We also give a necessary and sufficient algebraic condition for the Haar measure of a compact quantum group to be faithful, in the case that its coordinate C * -algebra is exact. A representation is given for the linear dual of the Hopf * -algebra of a compact quantum group, and a functional calculus for unbounded linear functionals is derived.
Introduction
The theory of quantum groups had its origin in attempts to extend Pontryagin's duality theory for abelian locally compact groups to the nonabelian setting. Since the dual of a nonabelian group is not itself a group, it is necessary to find a larger category that includes both the groups and their duals. Pioneering work in this direction was done by G. I. Kac, M. Takesaki, M. Enock and J.-M. Schwartz; see [6] and the references therein. However, it became apparent in the 1980s that the then current theories did not encompass new and important examples due to S. L. Woronowicz [14] , V. G. Drinfeld [5] and others that clearly deserved to be considered as quantum groups. A number of radically different approaches to the theory of quantum groups developed at this time. The approach most relevant for this paper is that originated by Woronowicz [13, 15] who developed the subject in terms of C * -algebras (in the Kac algebra theory [6] von Neumann algebras are used).
A compact group is a compact space with a continuous multiplication satisfying certain extra conditions. In Woronowicz's quantum group theory, one replaces the compact space by a noncommutative, unital C * -algebra and the group multiplication by a co-multiplication on the C * -algebra satisfying certain conditions. In this paper we introduce new axioms for a compact quantum group that are equivalent to Woronowicz's. Our axioms-certain weak cancellation laws-are first shown to be sufficient to ensure the existence of a Haar measure and then, using this, we deduce the equivalence of these axioms and those of Woronowicz. The existence proof for the Haar measure that we give builds on A. Van Daele's simplification of Woronowicz's original proof [11] , but we present some further simplifications. We also show, quite separately and by new and quite different methods, that an abelian compact quantum semigroup always admits a Haar measure.
We give an algebraic condition on the coordinate C * -algebra of a compact quantum group that ensures faithfulness of the Haar measure, in the case that the C * -algebra is exact (in particular, in the case that it is nuclear). This partially solves a long-standing problem in the theory [15] .
Another new result in this paper is an identification of the linear dual of the representation Hopf * -algebra of a compact quantum group with a certain product of finite-dimensional matrix algebras. This enables us to derive a functional calculus for unbounded linear functionals on the representation algebra.
We indicate now how the paper is organized. In Section 2 we prove the existence of a Haar measure on a compact quantum semigroup in two quite different cases: when certain weak cancellation laws hold and when the quantum semigroup is abelian. In Section 3 we show the equivalence of the weak cancellation laws with Woronowicz's cancellation laws. In Section 4 we prove the result on faithfulness of the Haar measure mentioned above and finally, in Section 5, we derive the results on the linear dual of the representation algebra already mentioned.
We refer to [9, 13, 15] for basic results on the theory of compact quantum groups that we shall use in the paper.
Existence of Haar measure
In this section we prove the existence and uniqueness of a Haar measure for a compact quantum semigroup satisfying certain weak cancellation laws. We begin by introducing some basic terminology and notation.
The pair G = (A, ∆) is a compact quantum semigroup if A is a unital C * -algebra and ∆ is a co-multiplication of A; that is, ∆ is a unital * -homomorphism from A to the minimal C * -tensor product A ⊗ A [10, Section 6.4] such that (id ⊗∆)∆ = (∆⊗id)∆. We shall call A the coordinate C * -algebra of G and ∆ the co-multiplication of G.
The co-multiplication ∆ induces a (dual) associative multiplication on A * , the continuous linear dual of A, obtained by setting τσ = (τ ⊗ σ)∆. If a ∈ A and τ ∈ A * , the elements τ * a and a * τ in A are defined by setting τ * a = (id ⊗τ )∆(a) and a * τ = (τ ⊗ id)∆(a). Routine computations show that, for all τ, σ ∈ A * and a ∈ A, we have (τσ)(a) = τ (σ * a) = σ(a * τ ); also, (τσ) * a = τ * (σ * a) and a * (τσ) = (a * τ ) * σ.
If a ∈ A and τ ∈ A * , recall that aτ and τa in A * are defined by setting (aτ )(b) = τ (ba) and (τa)(b) = τ (ab), for all b ∈ A.
We motivate the terminology quantum "semigroup" by introducing the following class of classical examples. These examples also provide a useful testing ground for various conjectures. Let S be a compact semigroup; that is, S is a nonempty Hausdorff, compact space endowed with a jointly continuous, associative operation, (s, t) → st. Set A = C(S), the unital C * -algebra of all complex-valued continuous functions on S. Identifying C(S) ⊗ C(S) with C(S × S) in the usual way, let ∆ be the co-multiplication of A defined by setting ∆(f )(s, t) = f (st), for all f ∈ A and s, t ∈ S. Thus, G = (C(S), ∆) is a compact quantum semigroup, which we shall say is associated to S. We shall also say that a compact quantum semigroup is classical if it is associated to a compact semigroup S in this fashion.
Returning to the general case, if G = (A, ∆) is a compact quantum semigroup, we shall be interested in imposing further restrictions on the nature of A and ∆, but even in the present generality one can obtain the following known elementary result, which is crucial for what follows. This result may be thought of as showing the "local existence of a Haar measure". Proof. Without loss of generality, we may suppose that τ is a state of A. Set
forms a sequence of states of A which, by weak* compactness of the state space, has a convergent subnet with limit h, say. Since τ n τ − τ n = τ n+1 − τ /n ≤ 2/n, the limit h must satisfy the conditions hτ = h (= τh).
Woronowicz defines a compact quantum semigroup G = (A, ∆) to be a compact quantum group if the linear spans of (1 ⊗ A)∆A and (A ⊗ 1)∆A are each dense in
If G is a classical compact quantum semigroup, associated to a compact semigroup S, then it is well known and easily seen that G is a compact quantum group if S is a compact group.
A compact quantum semigroup G has the left cancellation property (of Woronowicz ) if the linear span of (A ⊗ 1)∆A is dense in A ⊗ A; similarly, G has the right cancellation property (of Woronowicz ) if the linear span of
On the other hand, we shall say that G has the weak left cancellation property if, whenever τ, σ ∈ A * are such that (τa)σ = 0 for all a ∈ A, we must have τ = 0 or σ = 0. Likewise, G has the weak right cancellation property if, whenever τ (σa) = 0 for all a ∈ A, we must have τ = 0 or σ = 0. It is clear that if G has the left or right cancellation property of Woronowicz, then it has the corresponding weak cancellation property. Hence, a compact quantum group has the weak cancellation properties. We shall see in Section 3 that a compact quantum semigroup having the weak cancellation properties is a compact quantum group, but the proof of this is not easy.
In view of the important role the cancellation properties play in the theory of compact quantum groups, it is desirable to have alternative equivalent formulations. The following result provides one such formulation. Suppose now conversely that L τ = A, whenever τ = 0. We shall show that G has the weak left cancellation property. To see this, let τ, σ ∈ A * and suppose that
Of course, the corresponding right-hand version of Theorem 2.2 also holds, by a similar proof; that is, G has the weak right cancellation property if, and only if, for each nonzero functional τ in A * , the closed linear span in A of the elements (τa) * b is equal to A.
We now prove two results that lead to the main theorem of this section, namely, Theorem 2.5, where the existence of a Haar measure is shown for compact quantum semigroups with the weak cancellation properties.
Lemma. Let G = (A, ∆) be a compact quantum semigroup that has the weak left cancellation property. Let τ and h be states of A for which
τh = h. Then (τa)h = τ (a)h for all a ∈ A. Moreover, if σ is a positive linear functional on A that is majorized by τ , then σh = σ(1)h.
Proof. Let c ∈ A, and set
By Lemma 2.1, there is a state k of A for which kτ = k. Applying k to these equations we get
Hence, by the Cauchy-Schwarz inequality applied to the positive state
Since c is an arbitrary element in A, we therefore have (kd)((τa)h − τ (a)h) = 0 for all d ∈ A and consequently, by weak left cancellation in G, (τa)h = τ (a)h, as required. Now suppose that σ is a positive linear functional on A majorized by τ . Since
Hence, by the Cauchy-Schwarz inequality,
Arguing as before, with a = 1 and with σ in place of τ , we get σh = σ(1)h, as required.
Theorem. Let G = (A, ∆) be a compact quantum semigroup that has the weak left cancellation property. Then there exists a state h of A for which τh
Proof. For each positive τ ∈ A * , let K τ denote the set of states h of A for which τh = τ (1)h. It is clear that K τ is weak * closed in A * and, by Lemma 2.1,
Hence, for all positive linear functionals τ and σ, we have K τ +σ ⊆ K τ ∩ K σ . It follows that the family of sets (K τ ) τ has finite-intersection property and therefore, by weak* compactness of the state space of A, there is a state h belonging to the intersection τ K τ . Hence, τh = τ (1)h, for τ any positive linear functional, and therefore for τ any bounded linear functional, since positive linear functionals linearly span A * .
The state h in Theorem 2.4 is not necessarily unique. For instance, take A to be any unital C * -algebra of dimension greater than one, and let ∆ be the comultiplication on A defined by setting ∆(a) = 1 ⊗ a. It is clear that the compact quantum semigroup G = (A, ∆) has the weak left cancellation property, since τσ = τ (1)σ, for all τ, σ ∈ A * . Equally obvious, every state of A has the "absorbing property" of h in Theorem 2.4. Now suppose that G = (A, ∆) is a compact quantum semigroup and that θ is the flip automorphism of A ⊗ A; that is, θ is the unique
Then it is easily seen that G op = (A, θ∆) is a compact quantum semigroup, called the opposite compact quantum semigroup of G. Observe that the dual multiplication associated to G op is the opposite of the dual multiplication associated to G. The following is the principal result of this section. Its proof is an easy consequence of Theorem 2.4.
Theorem. Let G = (A, ∆) be a compact quantum semigroup that has the weak left and right cancellation properties. Then there is a unique state h of A for which
Proof. It is clear that the hypothesis of Theorem 2.4 applies both for G and G op , since G has the weak left and right cancellation properties. Hence, by Theorem 2.4, there exist states h and h of A for which τh = τ (1)h and 
If a compact quantum semigroup G = (A, ∆) admits a (necessarily unique) state h of A for which τh = hτ = τ (1)h, for all τ ∈ A * , then h is called the Haar measure
Conversely, if h is a state of A for which h * a = a * h = h(a)1, for all a ∈ A, then h is the Haar measure of G, as is easily verified.
Of course, the content of Theorem 2.5 is the assertion that a compact quantum semigroup having the weak left and right cancellation properties has a unique Haar measure.
The following known result is useful for identifying the Haar measure. The proof we give, using Lemma 2.3, is new. 
A compact quantum semigroup G = (A, ∆) is said to be abelian if G = G op . We introduce abelian compact quantum semigroups at this point since we are going to show in the following theorem that they always admit a Haar measure, even in the absence of any cancellation-property assumption. The result, and the method of proof, appear to be new in this context. Proof. Since στ = τσ and the map, τ → στ , is weak* continuous for each element σ ∈ S, the state space S of A is a commutative compact topological semigroup in the sense of [2] , when endowed with the induced multiplication and the relative weak* topology. Hence, the kernel of S, that is, the smallest nonempty subset K of S for which SK ⊂ K, is a group under the induced multiplication [ 
We are now in a position to show that existence of a unique Haar measure on a compact quantum semigroup G = (A, ∆) does not imply that G has the weak left or right cancellation properties. To see this, consider the compact semigroup D, the closed unit disc in the complex plane with the usual multiplication, and let G = (C(D), ∆) be the associated compact quantum semigroup. We shall show that G has a unique Haar measure, but that the weak cancellation properties do not hold. Clearly, G is abelian and therefore, by Theorem 2. A natural question now arises: Is it the case that every compact quantum semigroup admits a Haar measure? The answer is no. To see this, let S be the compact semigroup consisting of the set of triples (x, y, z), where x, y, z ∈ [0, 1], and the multiplication is defined by setting (x, y, z)(x , y , z ) = (x, y , xy ). Let G = (C(S), ∆) be the associated compact quantum semigroup. We claim that G admits no Haar measure. Suppose otherwise, and let h be a Haar measure. For s ∈ S, let δ s be the element of C(S) * given by evaluation at s. Let e = (0, 0, 0). Since the elements δ s (s ∈ S) form the set of pure states of C(S), and therefore their closed convex hull in the weak* topology is the state space of C(S), the element h = δ e hδ e belongs to the weak* closed convex hull of the elements δ e δ s δ e (s ∈ S). However, δ e δ s δ e = δ ese = δ e . Hence, h = δ e . This implies that δ (0,1,0) = δ e δ (0,1,0) = hδ (0,1,0) = h = δ e . Therefore, (0, 1, 0) = e = (0, 0, 0). Of course, this is impossible, so-as claimed-G = (C(S), ∆) admits no Haar measure.
The equivalence of the weak and Woronowicz cancellation laws
We begin this section by recalling some well-known facts. Let B be a C * -algebra and denote by M (B) the multiplier algebra of B. Let ω ∈ B * be strictly continuous (that is, continuous with respect to the strict topology on B). Then ω has a strictly continuous linear extension ω to M (B) [10, Theorem A.11] . Since B is dense in M (B) relative to the strict topology, this extension is unique. One can easily check that ω is bounded and ω = ω . Henceforth, we denote ω by the same symbol ω.
Now suppose that C is another C * -algebra. If ω ∈ B * , it is well known that there is a unique bounded, linear map ω ⊗ id from B ⊗ C to C such that (ω ⊗ id)(b ⊗ c) = ω(b)c, for all b ∈ B and c ∈ C. Moreover, ω ⊗ id = ω . The map ω ⊗ id is called a slice map [8, 12] . It admits a unique bounded, linear extension from M (B ⊗ C) to M (C), also denoted by ω ⊗ id, that is strictly continuous on the unit ball of M (B ⊗ C); see [4] , for example.
We shall use these results in the case that B = K(H), the C * -algebra of compact operators on a Hilbert space H. Of course, M (K(H)) = B(H), as is well known. If x, y ∈ H, denote by ω x,y , the functional T → T (x), y on B(H). We shall also use the notation ω x,y for restrictions to various subalgebras of B(H). The context, or an explicit statement, will make clear what is the domain of ω x,y . Regarded as a functional on K(H), ω x,y is strictly continuous.
Theorem. Let B = K(H) where H is a Hilbert space, and let ω be the restriction of ω x,y to K(H), where x, y ∈ H. Let C be a unital C * -algebra. Then ω ⊗ id is continuous for the strict topology on M (B ⊗ C) and the norm topology on C.
Proof. Let (U n ) be a net in M (B ⊗ C) converging in the strict topology to an element U . Let P ∈ B be the orthogonal projection of H onto Cy. Obviously, ωP = ω and therefore (ω ⊗ id)(
Since the net (P ⊗ 1)U n converges to (P ⊗ 1)U in norm, the net (ω ⊗ id)((P ⊗ 1)U n ) converges to (ω ⊗ id)((P ⊗ 1)U ) in norm; that is, (ω ⊗ id)(U n ) converges to (ω ⊗ id)(U ) in norm.
We now show that the weak cancellation properties are equivalent to Woronowicz's cancellation properties. We originally gave a more indirect proof of this result, in which we assumed faithfulness of the Haar measure h. We thank our colleague Alfons Van Daele who showed us the following, more direct, proof that does not require faithfulness of h.
Theorem. Let G = (A, ∆) be a compact quantum semigroup. Then G is a compact quantum group if, and only if, G has the weak left and right cancellation properties.
Proof. We have already seen that a compact quantum group has the weak cancellation properties. Assume conversely that G has the weak cancellation properties. We shall show that G must then have the Woronowicz cancellation properties. In fact, we shall show that G has the Woronowicz left cancellation property. It will then follow, since G op also has the weak cancellation properties, that G op has the Woronowicz left cancellation property and therefore G has the Woronowicz right cancellation property.
Let ϕ : A → B(H) be the GNS representation associated to the Haar measure h, and let z be the canonical cyclic vector in H. Then h(a) = ω z,z ϕ(a) for all a ∈ A.
Choose an orthonormal basis (e i ) i∈I for H, and let P i be the orthogonal projection of H onto Ce i . Then i (P i ⊗ 1) = 1 in the strict topology of M (K(H) ⊗ C).
Hence, for all U, V belonging to this multiplier algebra we have i U (P i ⊗ 1)V = U V , again in the strict topology. Therefore, by Theorem 3.1,
in the norm topology in C. One can readily verify that
by first checking the formula in the case that U, V ∈ K(H)⊗ alg C and then extending by continuity, using Theorem 3.1. Hence, we have, in the norm topology of C,
Since K(H)⊗C is an essential ideal in B(H)⊗C, we may, and do, embed B(H)⊗ C as a unital
. It follows that we may apply Equation (1) with U, V ∈ ϕ(A)⊗C. Let ω ei,z = ω ei,z ϕ and ω z,ei = ω z,ei ϕ. Then, since h = ω z,z ϕ, we have, in the norm topology of C,
Hence, by Equation (2),
. We claim now that 1 ⊗ a * (hb) belongs to the closed linear span of (A ⊗ 1)∆(A). To see this we need only show that each element c i belongs to (A ⊗ 1)∆(A). Clearly, (ω ei,z ⊗ id)(U ) = ((ω ei,z ⊗ id)∆(b)) ⊗ 1 and this obviously belongs to A ⊗ 1. Also,
Here we have used the easily verified equation (ω ⊗ id)(id ⊗∆)(c) = ∆(ω ⊗ id)(c), which is true for all c ∈ A ⊗ A and all ω ∈ A * . Hence, (ω z,ei ⊗ id)(V ) belongs to ∆(A). Thus, we have shown that c i ∈ (A ⊗ 1)∆(A), for all indices i. Therefore, 1 ⊗ a * (hb) belongs to the closed linear span of (A ⊗ 1)∆(A), as claimed. Since the elements of the form a * (hb) have closed linear span equal to A, by Theorem 2.2, it follows that G satisfies Woronowicz's left cancellation law. This proves the theorem.
Faithfulness of Haar measure
In this section we give some conditions implying faithfulness of the Haar measure of a compact quantum group. Our most important result here is Theorem 4.1, which solves in great generality a long-standing problem in the theory; namely, to give an algebraic condition, not referring to the Haar measure, that is equivalent to its faithfulness [15] .
In the classical theory, the Haar measure (integral) h is automatically faithful. It is a defect of the quantum theory that this is no longer the case. (Consider A = C * (F 2 ), where F 2 is the free group on two generators. In this case, the Haar integral is the canonical trace, and this is not faithful.) The remedy, of course, is to find a suitable extra axiom that a compact quantum group should satisfy to ensure faithfulness of h (but that does not require a priori existence of h). In the opinion of the authors, the following theorem provides the required suitable extra axiom, and we conjecture that the exactness condition imposed in the hypothesis of the theorem is unnecessary.
Theorem. Suppose that the coordinate C * -algebra A of the compact quantum group (A, ∆) is exact. Then the following conditions are equivalent:
(1) The Haar measure h of (A, ∆) is faithful. The next result is an immediate consequence of Theorem 2.7. We highlight it here since it gives a nice condition guaranteeing that the Haar measure is faithful, and since our following result, Theorem 4.3, is a consequence of it.
4.2. Theorem. Suppose that (A, ∆) is a compact quantum group and that A admits a faithful state τ for which τ 2 = τ . Then τ is the Haar measure of (A, ∆).
Example. Let Γ be a discrete group, and let L : x → L x be the left regular representation of Γ on 2 (Γ). Let A = C * r (Γ) be the reduced group C * -algebra of Γ; that is, A is the C * -subalgebra of B( In Theorem 4.3 we can replace the hypothesis on τ by assuming only that A admits a unique faithful tracial state τ . For then τ is, in fact, the unique tracial state of A. For, if σ is another tracial state of A, then (τ + σ)/2 is a faithful tracial state, and therefore (τ + σ)/2 = τ , from which σ = τ .
It is an interesting question whether a compact quantum semigroup admitting a faithful Haar measure is necessarily a compact quantum group. We conjecture that the answer is affirmative. Our next result is evidence that supports this conjecture.
A compact quantum semigroup is said to be finite if its coordinate C * -algebra is finite dimensional. 
Hence, if α r (c) = 0, then (h ⊗ h)(c * c) = 0. Since h is faithful, so is h ⊗ h [12, p. 3] . Hence, c = 0. Therefore, α r is injective. A similar argument shows that a l is injective.
Suppose first that A is finite dimensional. Then A⊗ alg A is also finite dimensional and equal to A⊗A. Hence, the injective linear operators α l and α r are bijections. It follows immediately that (A, ∆) satisfies the cancellation laws, and therefore (A, ∆) is a compact quantum group in this case. Now suppose that (A, ∆) is classical, and let S be the associated compact semigroup, so that A = C(S) and A ⊗ A = C(S × S) and ∆(f )(s, t) = f (st), for all f ∈ A and s, t ∈ S. In this case the maps α l and α r are the restrictions of the * -homomorphismsα l andα r from A ⊗ A to itself induced by the continuous maps θ l , θ r : S × S → S × S defined by θ l (s, t) = (s, st) and θ r (s, t) = (st, t). The equality (h ⊗ h)(α r (c) * α r (c)) = (h ⊗ h)(c * c), for c ∈ A ⊗ alg A clearly extends to the similar equality (h ⊗ h)(α r (c) * α r (c)) = (h ⊗ h)(c * c), for c ∈ A ⊗ A. Hence, arguing as before,α r is injective. A corresponding argument forα l shows that it also is injective. Hence, θ l and θ r are surjective. It follows that sS = Ss = S, for all s ∈ S and therefore that S is algebraically a group. Hence, θ l and θ r are injective and consequently homeomorphisms. This implies thatα l andα r are automorphisms. Therefore, the linear spans of ∆(A)(A ⊗ 1) and ∆(A)(1 ⊗ A) are each dense in A ⊗ A. Hence, (A, ∆) is a compact quantum group in this case also.
This result should be compared with [3, Theorem 4.2]. There it is shown that if (A, ∆) is a compact quantum semigroup having a faithful Haar measure and a bounded co-unit, it is necessarily a compact quantum group.
A representation of A
In this section we identify the linear dual space of the representation algebra of a compact quantum group as a product of finite matrix algebras. We then use this to construct a functional calculus.
Let (A, ∆) be a compact quantum group, and let A be its unique dense Hopf * -subalgebra (its representation algebra). Denote by A the linear space of all linear functionals on A. If τ and σ belong to A , define the functionals τσ and τ * , both belonging to A , by setting (τσ)(a) = (τ ⊗ σ)∆(a) and τ * (a) = τ (κ(a) * ) − for all a ∈ A. Here κ is the antipode of (A, ∆). It is well known that A becomes a unital * -algebra when endowed with the (dual) multiplication, (τ, σ) → τσ, and the (dual) involution, τ → τ * . Denote by G the set of equivalence classes of irreducible unitary co-representations of G = (A, ∆). If α ∈ G, choose a unitary co-representation U α belonging to α. Let U α ij be the matrix entries of U α relative to some basis of the Hilbert space underlying U α . Let N α be the dimension of this Hilbert space. If τ ∈ A , denote by π α (τ ) the matrix in M Nα (C) whose ij-th entry is τ (U α ij ). Let π(τ ) be the element (π α (τ )) α of the direct product algebra α M Nα (C). This gives a map π from A to α M Nα (C) that is clearly linear.
We endow A with the topology of pointwise convergence and α M Nα (C) with the product topology. 
